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We consider the resonant scattering of coherent electromagnetic waves by a Raman-like process
in the gamma ray range off electrostatic modes in a quantum plasma using a collective Klein-
Gordon-Maxwell model. The growth rates for the most unstable modes are calculated theoretically,
and the results are found to be more efficient than incoherent Compton scattering off individual
electrons above a critical amplitude of the electromagnetic wave. The model does not predict Raman
scattering off pair modes that exist in the Klein-Gordon-Maxwell model. The results are relevant
for coherent gamma rays created in forthcoming laboratory experiments or in astrophysical objects.
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Laser light in the x-ray range can be used to probe col-
lective effects in warm dense matter [1–3] and on atomic
and molecule levels [4]. Sub-A˚ngstro¨m wavelengths have
been obtained using x-ray free electron lasers [5]. On
these length scales, quantum effects play an important
role in the dynamics of the electrons. Both relativistic
and quantum effects are thought to come into play in
x-ray free electron lasers [6]. When the wavelength is
comparable to or smaller than the Compton length, rel-
ativistic effects have to be taken into account, and leads
to the Compton scattering, pair production and other
effects in the interaction with matter [7]. Gamma ray
lasers have been proposed theoretically [8–12] but has
still to be realized in experiments. The production of co-
herent gamma radiation would open up the possibilities
to explore matter on sub-atomic scales. Nonlinear inter-
actions of large-amplitude electromagnetic (EM) waves
with the plasma can lead to parametric instabilities [13]
and relativistic effects [14–18]. Collective Klein-Gordon
[19] and Dirac equations [20, 21] have been used to model
the relativistic interactions between quantum particles
and electromagnetic fields and to derive quantum fluid
models for the particles. Similar models have been em-
ployed to study quantum effects in the in the nonlinear
propagation and scattering instabilities in the interaction
between matter and light using Klein-Gordon [22, 23]
and Dirac [24] equations for the electrons, coupled with
Maxwell’s equations for the electromagnetic field.
The purpose is here to study the a Raman-like pro-
cess in which a large amplitude electromagnetic wave
in the gamma-ray regime decays into one electromag-
netic daughter wave and one electrostatic plasma wave
in a quantum plasma. For this purpose, we use a col-
lective Klein-Gordon-Maxwell model [19, 23], where the
wave function represents an ensemble of electrons and
where the electron densities and currents enter into the
Maxwell equations for the electromagnetic fields. As a
starting point, we use the nonlinear dispersion relation
for a raman-like 3-wave interaction involving a circularly
polarized electromagnetic waveA = (1/2)A0 exp(ik0 ·r−
iω0t)+complex conjugate, decaying into an electromag-
netic daughter wave and plasma oscillations. Considering
only the resonant backscattering scenario in Eq. (38) of
Ref. [23] with ω = ω− and k = k− but neglecting non-
resonant interactions (terms including ω+ and k+), we
have
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2
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describe the electromagnetic daughter wave and elec-
trostatic plasma wave, respectively. Here ωpe =
(n0e
2/ε0me)
1/2 is the electron plasma frequency and
ωC = γAmec
2/h¯ is the relativistically corrected Comp-
ton frequency, where γA =
√
1 + a20 is the relativistic
gamma factor due to the large amplitude EM wave, and
a0 = eA0/mec is the normalized vector potential of the
EM wave. Furthermore, n0 is the equilibrium electron
number density, e the magnitude of the electron charge,
me the electron rest mass, ε0 the electric constant, c the
speed of light in vacuum, and h¯ Planck’s constant di-
vided by 2π. The frequencies and wave vectors are re-
lated through the matching conditions
ω0 = ω +Ω (4)
and
k0 = k+K, (5)
where (ω0, k0), (ω,k), and (Ω, K) is the frequency and
wavenumber of, respectively, the pump wave, the EM
daughter wave and plasma wave. The pump is governed
by the dispersion relation DA(ω0,k0) = 0, while for the
2EM daughter wave and plasma wave, we haveDA(ω,k) ≈
0 and DL(Ω,K) ≈ 0.
In order to find approximate solutions of Eq. (1) for
the instability, we set Ω = Ω˜ + iΓ and K = K˜, where Ω˜
and K˜ simultaneously solve DL(Ω˜, K˜) = 0 and DA(ω0 −
Ω˜,k0−K˜) = 0, and where Γ is the growth-rate. We then
have
DA(ω,k) = 2iΓ(ω0 − Ω˜) + Γ2 ≈ 2iΓ(ω0 − Ω˜) (6)
and
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To solve approximately the resonance conditions
DA(ω0,k0) = 0, DA(ω,k) = 0 and DL(Ω˜, K˜) = 0 us-
ing Ω˜ = ω0 − ω and K˜ = k0 − k, we assume that all
frequencies are much larger than ωpe/γA, i.e. that the
plasma is strongly under-dense. We then have
ω0 = ck0, (8)
ω = ck, (9)
and
Ω˜ = −ωC +
√
ω2C + c
2K˜2. (10)
Eliminating ω0, ω, Ω˜, and K˜ using Eqs. (4), (5) and
(8)–(10), we obtain the matching condition
c(k0 − k) = −ωC +
√
ω2C + c
2(k0 − k)2 (11)
for the scattering of a relativistically strong electromag-
netic wave off electrons. To put the resonance condi-
tion in explicit form, we choose a coordinate system such
that k0 = k0ẑ, kz = k cos θ and k⊥ = kxx̂ + kyŷ,
k⊥ = k sin θ, and θ is the angle between k and k0 = k0ẑ
(θ > π/2 corresponds to backscattered light). This gives
(k0 − k)2 = k20 + k2 − 2k0k cos θ, and the resonance con-
dition
k = k0R, (12)
where we denoted R = 1/[1 + (k0/kC)(1 − cos θ)] and
kC = ωC/c. Expressed in terms of the wavelengths λ0 =
2π/k0 and λ = 2π/k, Eq. (12) is equivalent to λ− λ0 =
(2πc/ωC)(1−cos θ), which recovers Compton’s [26] result
in the limit γA = 1.
The resonance condition (12) can be used to express
the other quantities as functions of k0 and θ via the re-
lations ω = ck = ck0R, Ω˜ = ω0 − ck = ck0(1 − R),
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FIG. 1: a) The resonant radiation wave vector components
kz and k⊥ for k0/kC = 0.5, k0/kC = 1, and k0/kC = 2, where
kC = γAmec/h¯ is the relativistic Compton wavenumber. Neg-
ative values on kz corresponds to backscattered light. b) The
normalized growth rate Γγ
3/2
A /(ωpea0) as a function of the
normalized wave vector component kz/kC .
K˜z = k0− k cos θ = k0(1−R cos θ) and K˜⊥ = −k sin θ =
−k0R sin θ, so that K˜2 = K˜2z + K˜2⊥ = k20(1 + R2 −
2R cos θ). This gives DA(ω,k) ≈ 2iΓck0R, DL(Ω,K) ≈
−(iΓck0(1−R)/2ω2C)(4c2k20R(1−cos θ)+ω2pe/γA+4ω2C),
and DA(Ω,K) ≈ 2c2k20R(1 − cos θ) + ω2pe/γA. Further-
more, for circularly polarized waves A0 = (x̂ + iŷ)A0
we evaluate |A0 × k|2/k2 = (1 + cos2 θ)|A0|2. Insert-
ing these expressions into Eq. (1) gives, in the limit
ω2pe/γA ≪ c2k20R(1− cos θ), the growth-rate
Γ
ωpe
=
(1 + cos2 θ)1/2a0√
8γ
3/2
A R
1/2(k0/kC)1/2[(k0/kC)2R(1− cos θ) + 1]1/2
.
(13)
In Fig. 1, we have plotted the components of the res-
onant radiation wave vector k, and the corresponding
growth-rate of the instability. The growth-rate varies
slightly with the angles of the scattered light, and has
a maximum for back-scattered light where θ = π. As
an example, we take coherent Compton radiation with a
wave frequency equal to the Compton frequency, ω0 =
3ωC ≈ 7.8 × 1020 s−1, corresponding to k0/kC = 1 in
Fig. 1. For this case, we obtain from Fig. 1b the
growth rate Γ ≈ 0.5ωpea0. As a measure of the in-
teraction length, we use 10 e-foldings of the instabil-
ity, L = 10c/Γ ≈ 10c/(0.5ωpea0). A competing process
to the collective growth-rate is the incoherent Comp-
ton scattering of photons off individual electrons. As
an estimate, we use the Thomson cross-section σT =
(8π/3)r20 ≈ 6.65× 10−29m2 where the classical electron
radius is r0 = e
2/(4πε0mec
2) ≈ 2.8×10−15m. The cross-
section decreases for gamma rays with h¯ω0/mec
2 > 1,
and therefore the Thomson cross-section can be seen as
an upper bound for the Compton scattering. The scat-
tering length-scale is estimated as Ls = 1/(n0σT ). The
condition for collective effects to dominate the interac-
tion can be expressed as L < Ls, which, using L =
10c/(0.5ωpea0), gives a0 > 10cn0σT /(0.5ωpe). For solid
density n0 = 6×1028m−3 giving ωpe = 1.4×1016 s−1, we
have L < Ls ≈ 0.25 cm for a0 > 2× 10−6, corresponding
to an intensity I = ǫ0ω
2
0m
2
ec
3a20/e
2 > 6 × 109W/cm2.
Such intensities could potentially be achieved in forth-
coming experiments, and much higher intensities exist in
astrophysical settings such as gamma ray bursts etc.
Finally, we note that the solution (10) can be inter-
preted as an extension of classical plasma oscillations into
the relativistic quantum regime. A pure quantum case is
the solution Ω˜ = +ωC +
√
ω2C + c
2K˜2, which is a high-
frequency pair branch [25] with Ω > 2ωC . It could poten-
tially lead to a 3-wave coupling for k0 > kC/(1 + cos θ)
by replacing Eq. (9) by ω = −ck. However, repeat-
ing the above calculations for this case does not predict
an instability, and hence the scattering of EM waves off
pair modes seems not to be energetically favored in the
Raman-like process discussed here.
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